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* Introduction



What is f(R) theory?

* Einstein equation can be obtained by varying the Einstein-Hilbert
action:

1
SEH — Ef d4x —Y R + SM[gMVJ LIJ])
1
8SEH =0 = G,LLV — R'uv — EguvR — KT,UV'

e General Relativity(GR) becomes f(R) theory by replacing the
Lagrangian density of GR, R, with a function of R, f (R):

1
S =——J d*x =g f(R) + Sulgum. ¥,

05 =0=FG, ——gﬂv(f(R) FR) —V,V,F + g,,0F = kT),. ¢ =)



Jordan Frame v.s. Einstein Frame

e f(R) gravity in Jordan frame:

S—ifd‘Lfo(R)
- 2k g

4G
Conformal transformation: l G = Q) g, Q*(x) =F(R) :=eV 3 ©

e f(R) gravity in Einstein frame:

S = fd4x\/7[ R——g’““’a wd,w — V(w)|,

1 FR—f

where V(w) = -

Y - e,
B = i 2
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Disformal Transformation e eacs2110171

* In 1992, Bekenstein proposed a new gravity theory which is a special
kind of bimetric theory.

* One of the metric, g,,,, describes the gravitational field of the
spacetime, the other, y,,,,, describes the particle trajectory in
gravitational field.

* Bekenstein argued that two metrics should be related through
disformal transformation in order to satisfy equivalence principle and

causality:
Yuv = A(qb'X)g/,w + B(¢, X)au¢av¢- (X =—3 g0, 99¢ )

gravitational

matter (physical) gravitational .
scalar field

metric metric



Thermodynamics and Gravity

* In BH physics, the temperature and entropy are associated with the

Su rfaCe graV|ty and dalrea Of the hOFIZOﬂ [Comm. Math. Phys., Volume 31, Number 2 (1973), 161-
170.]

* In 1995, T. Jacobson further showed that Einstein equation can be
derived from the thermodynamic behavior of spacetime.[arxivg-geros04004v2]

* In 2005, Cai and Kim demonstrated that the Friedmann equations can

be derived from the first law of thermodynamics on the apparent
horizon of the Universe.[arXiv:gr-qc/0611071v2]

e Connection between thermodynamics and f(R) gravity and other
modified gravity has been widely investigated. (arxiv:0909.2109, 1005.5234]
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*Thermodynamics in Jordan Frame
* Non-equilibrium description
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. 1 z
Action: S =—[y=g f(R)d*x + X, Sy [Vap] =02

* Yap is related with g, by the disformal transformation:
Yap = A(p, X)ga,B + B(¢, X)aa¢6,8¢

where X = —% g°P 0, $0p ¢ is the kinetic term of disformal field ¢.

* Under the assumption of Principle of Cosmology :
»Metric g, is given by Robertson-Walker metric: (k=0)

ds? = —dt* + a*(t)(dr? + r*d8? + r* sin* 0 d¢?)
> ¢ depends only on time now, i.e., ¢ = ¢(t).



SR i
Action: S =—[y=g f(R)d*x + X, Sy [Vap] =02

*Vap iS related with 9ap by the disformal transformation:

Nap — A(¢:X)gaﬁ + B(QbrX)aaﬁbaﬁqb

where X = —% g°P 0, $0p ¢ is the kinetic term of disformal field ¢.

* Under the assumption of Principle of Cosmology :
»Metric g, is given by Robertson-Walker metric: (k=0)

ds? = —dt* + a*(t)(dr? + r*d8? + r* sin* 0 d¢?)
> ¢ depends only on time now, i.e., ¢ = ¢(t).



E q UatiOn Of M OtiOn o o i
FGp =K, (T#(f,) + tﬁ?) +kTd |, F = af(R)/oR

.5131' | (6a¢)(46¢A—2X6¢B) aLi — 0
0p  (2X)(—4A,x+2B+2XB,x) 0(d4P)

where
(@) _ =2 8L
- y=g sgHv’
(D _ =2 (—Agw—ZA,xauqbavcb+XB,Xau¢av¢) (9, ) 2L
Hv- J=g (2X)(—4A,x+2B+2XB,x) a7 5(840)
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* With the perfect fluid assumption, one is able to express induced

matter in terms of ordinary matter: 0] - 1 - < B
o™ = 2p;, P = awmp,
where . .
. (1 —a?)(3a¢ + a¢)
- 3a¢
(in) .
(in) ._ B ad
and w — (m) RETrEvEre

e Assume that ordinary matter only contaln non-relativistic matter(m) and
radiation(r).
" Pi = Pm T Pr = Py

e ) = pm  (in)

P =P
. P(in) _ P(in) n P(in) — @ — (in) ~
i — 'm r = AW (pm_l'pr) = Aw PM

=1 (pm + pr) = Apu
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Modified Friedmann Equations (Non-equilibrium case)™

8G 8nG A
*H* = = (Om + Pa + Apm) = —— Pt
o H = =2 [(pm+Pq +B +Py) + A(1 + wim) gy,
4G
— (P + Py,
where

1

Pa = 8nG( (FR — f)—3HF)

Py

1
Po=c— (F + 2HF ——(FR f))

are the dark energy density and pressure, respectively.



NNNNNNNNNNNNNNNNNNNNNNNNNN

1st & 2nd Law of Thermodynamics (Non-equilibrium case)

* pe + 3H(p + P) = ® ——> Non-equilibrium Thermodynamics!

81tG

Temp. on S: Horizon W: Work density in

the horizon \ / entropy in f(R) / non-equil. picture

e First law: TdS + Td; S = —dE + Wav,

0°

entropy production
term in non-equil.
thermodynamic

dS d;S§ dS; 12mFH?

e Second law: — + + =
dt dt dt GRH3

Entropy change rate of ordinary
matter and induced matter
within the horizon




*Thermodynamics in Jordan Frame

* Equilibrium description
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811G 811G
* H? _L(PM‘FPd"‘APM) %Pt

o H = —4nG[(py+paq +P- +Pg) + (1 + wim)y]

where
1

8l
1 1
P; = 87TG(F+2HF__(FR f)—(@1 - F)(2H+3H2))

Pq = ( (FR — f) —3HF + 3H?*(1 — F))

are the dark energy density and pressure in equilibrium picture, respectively.
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1st & 2nd Law of Thermodynamics (equilibrium case] ™

*pe+3H(pe +P) =0 | > Equilibrium Thermodynamics
Horizon entropy in
equil. description W: Work density in

equil. picture

* First IaW:OTdS = —dE + VﬁV

O
Temp. on
the horizon

* Second law : % ($+5) =

E = p;V (total energy

in equil. picture) Entropy change rate of ordinary matter and
induced matter within the horizon

12T H?

GRH3 = 0




Thermodynamics in Jordan Frame

* Non-equilibrium case
= First law: Td§ + Td,S = —dE + WdV

A -
= Second law: Z‘: + + dS; _ 12mbH > ( provided F>0.

dt dt GRH3

* Equilibrium case
= First law: TdS = —dE + WdV

d 12mH?
= Second law: E(S +S5,) = p—

=0
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*Thermodynamics in Einstein Frame



Thermodynamics in Einstein Frame
* Gap(x) = Q*(X) gop (%)
* The action becomes

— |11 - 1 Ve~
S = j d*x./—g [ﬂR -3 gH'o,wd,w — V(a))l + ZSI&)[(D, Juv» Pu]

* The RW metric becomes dfg : SZEQ

ds? = —dt? + a%(©)(dr? + r*d6? + r* sin® 8 d¢?)
» The EoMs
Gy = Z K (T(i) + f(i)) + kT,

0L; o 0L
0 " “a(aafb)

\/: (V=4 g0 “))__"'2

=0,

1 6L; 1

/gc?a) a

"‘"Ll,Vt(l)) — 0




Modified Friedmann equations

. HZ 87TG( 8mTG

(oM + Do) + /LDM) = Pt
e H' = —4nG ((pM + P + B +PB,)+A(1 + a(im)ﬁM)
= —4nG (p¢ + Pt)
With ppM= P + Drr P = —w’z +V(w), and B, = Ea) — V(w).

» It can be shown that the total energy and pressure obeys the continuity equation:
pt+3H(p +P,) =0.

»Thermodynamics in Einstein frame can be considered as an equilibrium
description.



W: work density

S: Horizon entropy o .
in Einstein frame

in Einstein frame

e First law: TdS = —dFE + WdV

E = p,V(Total energy within

T: Temperature in vilotal energ
the horizon in Einstein frame)

Einstein frame

7! 2
* Second law: —(S + St) =2 >

GRHS3

y change rate of ordinary

matter and induced matter within the

P A

-~ _horizon




) = e k-
B - M 3
NATIONAL TSING HUA UNIVE)

Summary

* Consider the physical metric directly coupled to matter.
* Consider the simple case: y,p = 145

* Interpret the effects of f(R) deviated from GR as dark energy.

Verify the first and second laws of thermodynamics in f(R)

gravity with disformal transformation in both Jordan and Einstein
frames.

THANK YOU FOR YOUR ATTENTION!
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Back-up slides



* Consider only simple case : yo5 = 145 = diag(—1,+1,+1, +1).

Thus, the disformal transformation becomes
Nap = A(P, X)gap + B(P,X)0,905¢

° 57’]a'3 =0 = 6(6qu) V.BA 5gl'w + V,B 5¢

46¢A —2X a¢B

where Vg = (0p) (2X)(—44,x+2B+2XB,x)’

_ —Aguv—A Xau¢av¢+XB Xau¢av¢
v 40 A—2X0 4B

A
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1st & 2nd Law of Thermodynamics (Non-equilibrium case)

* pe + 3H(p + P) = ® ——> Non-equilibrium Thermodynamics!

81tG

N Q;Tlm_( 21374) S =% / 14 :%(ﬁt _pt)
e First law: TdS + Td; S = —dE + Wav,

O

l -
- T%“ + 207, T)dF

dS d;S dS 12TF H?
 Second law: —+ o 2t =

dt dt GRH3
)
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1st & 2nd Law of Thermodynamics (equilibrium case] ™

.ﬁt+3H(ﬁt+pt)=O I >/ WZ%(ﬁt—ﬁt)

1 "
W ==(p,— P

e First law: TdS —dE + WdV

E=Vp,

12T H?

GRH3 =0

* Second law of thmodynamics: 4 (S+S:) =
dt .

dS, = —[n’ (0,V) + FdV]

A



15t & 2nd Law of Thermodynamlcs (in Einstein frame) P

@)

* First law: Td§ —dE + W}dV

.

E — ﬁtV
d r~ = 12mH"?
* Second law: —~(S St) =——72=0
dt : GRH3

O
~ 1 ~ -~



